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ABSTRACT: The results proved in this paper regarding common fixed point theorems using concepts of compatibility,
weak compatibility and commutativity improve the results of Imdad and Ali [4] and Gupta and Badshah [3] in Hilbert
space. Our main results are useful and are different in comparison to previously proven results in the theory of fixed
points.
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. INTRODUCTION

In the literature of fixed-point theory, vast amount of fixed point theorems were proved satisfying certain contractive
type conditions. The notion of generalized contraction mappings was introduced by Ciric [1]. Das and Gupta [2]
introduced fixed point theorems in reflexive Banach spaces. Most of the fixed point theorems in metric spaces satisfying
contraction conditions may be extended to the abstract spaces such as Hilbert spaces, Banach spaces and locally convex
spaces etc. Rhoades [9, 10] provided comprehensive survey on various definitions of contractive mappings.

Jungck [5] proved common fixed point theorem for commuting mappings which generalized the Banach’s fixed
point theorem. Sessa [11] generalized the notion of commuting mappings by defining weakly commuting mappings.
Jungck [6] generalized the concept of weakly commuting mappings by defining compatible maps which asserts that a
pair of self-maps (S, T) is said to be compatible if rllijgd(STxn' TSx,) = 0, whenever { x, } is a sequence in X such that

lim Sx, = lim Tx, = t, for some t € X. Later on, Jungck [7] generalized the notion of compatibility by introducing the

n—oo n—oo

concept of weak compatibility which asserts that S and T are said to be weakly compatible if they commute at their
coincidence points that is if Su = Tu for some u € X, then STu = TSu. A pair of compatible maps is weakly compatible
but the converse is not true in general.

Imdad and Ali [4] observed that the fixed point theorem proved by Nigam et al. [8] in Hilbert space remains
true in metric space and obtained a slightly improved form of their result in metric space which is as follows:

Theorem 1.1. [4] Let T1and T2 be self-mappings of a closed subset C of complete metric space X satisfying
ITyx — Toyll? < allx = ylI? + blix — Toxlllly — Toyll + cllx — Ty lllITyx =yl

forall X,y € C, and a,b,c non negative reals, with max {a+b, a+c} <1.

Then Ty and T, have a unique common fixed point.

Gupta and Badshah [3] proved the following results to obtain fixed point theorems for two mappings using
functional inequality in Hilbert space.

Theorem 1.2. [3] Let C be any closed subset of a Hilbert space H and S, T: C—C be two mappings those satisfy
lly — Tyll[1 + |lx — SxI|]
+ Bllx =yl
1+ x — 1 Plle=y
foreach X,y € C,x #y,0 <o, <1 and @ +  <1. Then there exists a unique common fixed point of Sand T.

ISx =Tyl <
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Theorem 1.3. [3] Let C be any closed subset of a Hilbert space H and S, T : C—C be two mappings those satisfy

llx — Sx|I* + lly — Tyll®

+ Blllx = Sx|l + [ly = Tyll] + vllx = yll
e —sxiZ + 1y =7y P v iy
foreach X,y € C,x #y,0 < a,B,y <1 and 20t + 2 + y < 1. Then there exists a unique common fixed point

of Sand T.

ISx =Tyl < «

Il. MAIN RESULT

Motivated by Imdad and Ali [4] and Gupta and Badshah [3], we presume yet another extension of their results
by proving a uniqgue common fixed point theorem using notions of compatibility, weak compatibility, commutativity and
increasing the number of mappings from two to six in Hilbert space.

Theorem 2.1. Let X be a closed subset of a Hilbert space H and let A, B, S, T, P and Q be mappings from X into itself
satisfying AB(X) = Q(X), ST(X) = P(X) and for each x, y in X
(2.1.1)

Px — ABx||® + - STy||?
I1ABx — STyl < a Il II° + llQy yll ]

IPx — ABx||* + |Qy — STyl|?
[IIPx — ABx|I* + IQy — STyIIZ]
IPx — ABx|| + |Qy — STyl|

+ylIPx — Qyll + &[IlPx — STyl + l|ABx — Qyll]

where ||Px — ABx|| + ||Qy — STy||#0and a,B8,y,8 = 0 with 2a + 28 + y + 26 < 1.
If (P, AB) is compatible, P or AB is continuous and

(Q, ST) is weakly compatible then AB, ST, P and Q have a unique common fixed point. Furthermore, if the pair (A, B),
(S, T), (P, A) and (Q, S) are commuting then A, B, S, T, P and Q have a unique common fixed point in X.

Proof. Let Xo be an arbitrary point in X.
As AB(X) < Q(X) and ST(X) < P(X), then there exists X, X, € X such that ABx0 = Qx1 =Y, and STx1 = sz =y, We

can construct sequences {xn} and {yn} in X such that

Y,, = QX

oan - < one
forn=0,1,2.....

=ABx_ and y. =STx_ =Px
2n 2n+l

2n+1 2n+2

1y2n+2 = Yan+1ll = IABx2p 40 — STX o044l
1PX2n42 — ABXp i |I® + |Qx2041 — STx2n+1”3]

= IPxanrz — ABXgn gl + 1Qon01 — ST eI
+8 1Px2n12 — ABXopiall® + 11QX5011 — STXpm 44 |I?
IPxon42 — ABXonioll + 11QXon41 — STXop4l
+YIPX2ns2 — @Xoppall + S[IPx2n12 — STXons1ll + |1ABXon42 — QXonaq|l]-
< alllPxzp42 — ABxanizll + 11QX2n41 — STX2n44]l]
+BIPxan12 — ABXoni2ll + |QX2n41 — STXon44]l]
+YIPx2n42 — QXanyall + S[IPX2n42 — STXon4all + 1ABXon12 — Qxanalll-
= a[llyzn+1 = Yans2ll + 1Y2n — Yan+1lll
+BU1Y2n+1 — Yonazll + 1y2n — Yonsall]

Y 1Y2n+1 = Yonll + 8lYans1 = Yons1ll + 1Y2ns2 — ¥2nll]
< alllyan+1 = Yons2ll + Y20 — Y2nsalll

+BYzn+1 — Yons2ll + 1¥an — Yan+1lll

Y 1Y2n+1 = YVonll + Sll1Y2nsz = Yonsall + 1Y2ne1 — Y2nlll-
(a+B+y+9)
SU-a=5-9 ly2n — Yan4all-
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(a+p+y+6)
ly2n+2 = Yant1ll < kllyzn — Yansall where ke =~ ——5 <1

Thus for all n, we have
||yn+1 - yn” < k”37n - yn—l”

lyn+1 — Yull < K™ [y1 — yoll
Thus, {yn} is a Cauchy sequence in X and X is closed subset of a Hilbert space H, there exist a point u in X such that

} {STin+1} and {Px2n+z} of sequence {yn} also converges

{yn} — u. Consequently, the subsequences {ABxZn}, {QX2n+1

touin X.

Case I. Suppose P is continuous, we have
PZX2n — Puand P(AB)x, — Pu.

The compatibility of the pair (P, AB) gives that
AB (P)x2n — Pu.

Step 1. Putting x = Px2n andy = X, in (2.1.1), we have
IP?x2n, — ABPxop 1> + |QX2n41 — STXpp 4111
1P2x2n, — ABPxop || + QX201 — ST X204 |I?
1P?x25 — ABP x50 |1? + [|QX2041 — STx2n+1||2]
1P?x5,, — ABPxpp |l + |Qx2n41 — STxzp 44l
+YI1P?X2n — QXop |l

+68[IP?x30 — STxgn4 |l + IABP X2, — Qxp41 1]
< alllP?x3;, — ABP x|l + Q%2041 — STX2n4411]
+B[I|P?x2n, — ABPxpp |l + 11QX2041 — STX2544/l]

Y IIP?X2n — QX2n4al

+8[IP?x2n — STX2p 411l + |ABPX 25 — Qa4 l.

Letting n—oo and using above results, we get
[Pu—ull < (¥ + 28)||Pu —u]l.

IABPx;p — STX2p41ll < [

+B

So that
Pu=u.

Step 2. Puttingx =uandy = X, in (2.1.1), we have
IPu — ABul|® + [|Qxz041 — ST X441
IPu — ABul|? + [|Qx2n41 — STX2p41 112
IPu — ABull® + |Qxzn41 — STx2n+1”2]

IPu — ABull + [|Qx2n41 — STX2n44ll

+yI[Pu — Qxzp 44l
+8[I[Pu — STxpn41 |l + [[ABu — Qxzpn4l].
< a[|[Pu — ABul| + [|Qx2n4+1 — STX2p411l]

+B[I[Pu — ABu|| + [|QX2n4+1 — STx2p44l]
+YIIPu — Qxp 411l + S[l[Pu — STxp 411l + |ABu — Qx2p 44 1l].

Letting n—oo and using above results, we get
[|[ABu —ul| < (@ + B + 8)|lu — ABul|.

lABu — STxzn 41l <

So that
ABU = u.
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Step 3. Since AB(X) = Q(X), there exists a point v € X such that ABu = u = Qv.
Puttingx =uandy =vin (2.1.1), we get

||[Pu — ABu||® + ||Qv — STv||3
[|[ABu — STv|| < a

[|Pu — ABul|? + ||Qv — STv||?
[|[Pu — ABul|? + ||Qv — STv||?

[|lPu — ABul| + ||Qv — STv|| ]
+yl||Pu — Qv|| + §[||Pu — STv|| + ||ABu — Qvl]|].
< af||[Pu — ABul| + ||Qv — STv||]
+B[llPu — ABul| + [[Qv — STv|[]
+y||Pu — Qv|| + §[||Pu — STv|| + ||ABu — Qv]|].

Using above results, we get
lu—=STv|| < (a+ B+ &)|lu—STv||.
So that
u=-STv.
Now, STv = Qv, therefore v is the coincidence point of ST and Q. The weak compatibility of (Q, ST) implies that
QSTv = STQv that is Qu = STu.

Step 4. Putting x =u and y = u in (2.1.1), we get

||[Pu — ABul|® + ||Qu — STu||®
[|Pu — ABul|? + [|Qu — STul|?
[|[Pu — ABul|® + ||Qu — STullZ]

|ABu — STu|| < « [

[|Pu — ABul| + ||Qu — STul|
+y||Pu — Qul| + 8[||Pu — STu|| + ||ABu — Qu]|].
< a[||[Pu — ABu|| + ||Qu — STul||]
+B[IPu — ABull + ||Qu — STull]
+y||Pu — Qul| + 8[||Pu — STu|| + ||ABu — Qu]|].
Using above results, we get
[lu— STul| < (y + 28)||lu — STu]|.
So that
u=_STu.
Hence z is a common fixed point of AB, ST, P and Q.

Step 5. Putting x = Auandy = uin (2.1.1), we get

— 3 _ 3
1AB(Au) — ST SOC[IIP(Au) AB(AW)|I” + ||Qu — STul| ]

IP(Au) — AB(AW)||* + ||Qu — STul|?
IP(Au) — AB(AW|I? + [ Qu — STul|?
IP(Au) — AB(Aw)|| + [|Qu — STull ]
+ylIP(Aw) — Qull
+8[IIP(Au) — STw)|l + IIAB(Au) — Qull].
< alllP(Au) — AB(Aw)|| + [|Qu — STul[]
+BLIP(Au) — AB(Aw)| + [|Qu — STu|]
+yIIP(Au) — Qul| + 8[IIP(Aw) — STull + [|AB(Au) — Qull].
Since AB= BA implies ABu = BAu and AB (Au) = A (BAu)=Au.
Also PA = AP implies that PAu = APu = Au.
[Au —ull < (¥ + 28)||[Au — u]l.

+B

So that
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Au=u.

Now
u=ABu=BAu = Bu.

Step 6. Putting x =uandy = Su in (2.1.1), we get

|ABu — ST(Su)|| < «

IPu — ABull® + ||Q(Sw) — ST(Sw|?
IPu — ABul|? + [|Q(Sw) — ST (Sw)||?
[nPu — ABul|? + [|Q(Sw) — ST (Sw)||?
IPu — ABull + 1|Q(Su) — ST (Sw)|
+ylIPu — Q(Swl|
+6[Il1Pu — ST(SW| + IIABu — Q(Sw)l|].
Since ST = TS implies STu=TSu and ST (Su) = S(TSu) = Su.
Also QS = SQ implies that QSu = SQu = Su.
Using above results, we get

lu = Sull < (¥ + 28)|lu — Sull.
So that
u=Su.
Hence
u=STu=TSu=Tu.
Therefore, Au=Bu=Su=Tu=Pu=Qu=u.
Hence u is a common fixed point of A, B, S, T, P, and Q.

Case Il. Now suppose AB is continuous and the pair (P, AB) is compatible, so we have
A82X2n—> ABu and ABPx, — ABu and PABx, — ABuU.

Step 7. Putting x= ABx2n andy = X, in (2.1.1), we have
IPABx,; — AB* x50 1> + |QX2n41 — ST X044 |13
IPABx2n — AB2X35 |12 + 1QX2n41 — STXon 41112
|PABX;, — AB* x50 |1? + 1QX 2041 — STX2n41 17
IPABx2n, — AB2 x|l + |QX2n41 — STXop 44l
+Y|[PABx2n — QXon44l

+68[IIPABx2n — STxpn1a |l + I1AB? x50 — QX544 1]
< al[l|PABxyn, — AB?xpp || + |Qx2n41 — STx2n4111]
+B[IIPABx2y — AB*x3p || + 11QX2011 — STX2544l]

+y”PABx2n - Qx2n+1”

+68[IIPABx2y, — STXpn41ll + |AB? X0 — Qxzn4ql]-

Letting n—co and using above results, we get
[|[ABu — ul| < (y + 28)||ABu — u]).

lAB?x50, = STX sl < @

o

So that
ABu = u.

Step 8. Since AB(X) = Q(X), there exists a point v € X such that ABu = u = Qv.
Putting X = ABX,, and y = v in (2.1.1), we get

Copyright to IJARSET Www.ijarset.com 19291


http://www.ijarset.com/

ISSN: 2350-0328
International Journal of Advanced Research in Science,
Engineering and Technology
Vol. 9, Issue 4, April 2022

PABx,, — AB?x,..||° + ||Qv — STv||?
1ABx,, — STv|| < a [” 2n anll® +11Q Il ]

IPABxy, — ABZx,,|I% + |Qu — STP2
|PABxyp — AB2X3,|I2 + [|Qu — ST |2
IPABx,, — AB?x,,[| + 1Qu — STV
+YIIPABxz, — Q|

+8[||PABx,, — STv|| + [|AB?x,, — Qv||].

Letting n—oo and using above results, we get
llu = STvll < alllu — ull + llu = STvII] + Blllu — ull + llu — STvl[]
+yllu —ull + &[llu = STl + llu — ull].
lu—=STv|| < (a+ B+ &)|lu—STv||.

o

So that

u=STv = Qv.

Therefore v is the coincidence point of ST and Q. The weak compatibility of (Q, ST) implies that
QSTv = STQv that is Qu = STu.

Step 9. Putting x = X, andy =uin (2.1.1), we have

ABe — STl < o |1PR2n = 4Bl + l1Qu - STu||3]
2n =

IPx2n — ABxy 1% + [|Qu — STul|?
IPx2n — ABxanll* + llQu — STuIIZ]
IPx2y — ABxaull + [|Qu — STul|

+¥lIPx2n — Qull + S[IIPx2n — STull + |ABx2n, — Qull].
Letting n—oo and using above results, we get
[lu—STul| < (y + 28)||lu — STu||.

So that

u = STu.
implies that
Qu = STu = ABu = u.

Step 10. Since ST(X) = P(X), there exists a point w € X such that u = STu = Pw, so that
Puttingx=wandy =uin (2.1.1), we get

|ABw — STu|| < a

[|lPw — ABw||® + ||Qu — STu||®

[|[Pw — ABw||? + [|Qu — STuIlZ]
[|[Pw — ABwW||? + ||Qu — STul|?

+ﬁ[ [Pw — ABw]| + [[Qu — ST ]

+y||Pw — Qu|| + §[||Pw — STu|| + ||ABw — Qul|].

Using above results, we get ||ABw —u|| < (a + 8 + 6)||ABw — u]|.

So that ABw — w

Now, u = ABw = Pw, therefore w is the coincidence point of P and AB. The weak compatibility of (P, AB) implies that
PABw = ABPw that is Pu = ABu = u.

Hence u is a common fixed point of AB, ST, P and Q.

Now applying step 5 and step 6, we get u is a common fixed

pointof A, B, S, T, Pand Q.

Uniqueness.

Let z be another common fixed point of A, B, S, T, P and Q, then
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z=Az=Bz=Sz=Tz=Pz=Qz
Puttingx =uandy =z in (2.1.1), we get
llu —zIl < (v + 28)|lu — z|I.
So that
u==z.
Therefore u is a unique common fixed point of A, B, S, T, P and Q.

Remark 1. In theorem 2.1, If we take (P, AB) and (Q, ST) both compatible pairs, then also theorem remains true, as
compatibility implies weak compatibility.
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